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Abstract

Charged membrane-soluble ions in bilayer membranes move between opposing interfacial states on application of
an electric field. The kinetics of this transition is modeled as discrete state electrophoresis using a Langevin
formulation that focuses on local velocities at points along the spatial trajectory of the ion. These local velocities are
used to establish both the decay time for the transition and the activation energy profile along the trajectory. The
local velocities depend on local frictional coefficients. These coefficients are developed from the molecular structure
along the trajectory by introducing a microscopic frictional force. This frictional force is produced by the lateral
displacement of segments of the surrounding membrane molecules as the ion passes. The displaced molecular chains
produce a non-linear resistive force that translates into a frictional force directly proportional to both ion radius and
velocity.
� 2003 Elsevier Science B.V. All rights reserved.
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1. Introduction

Ionophores such as lasalocid or A23187 dissolve
in lipid bilayer membranes, and can bind polyva-
lent ions from a bathing solution to produce a
membrane soluble complex. This ionyionophore
complex(IIC) moves across the membrane under
a concentration gradient or an applied electric
field.
Carrier systems like the IIC are often described

using four state modelsw1,2x. (1) The ionophore
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at interface 1 binds an ion from solution to form
the IIC; (2) the IIC crosses the membrane;(3) the
IIC releases the ion into the bathing solution;(4)
the bare ionophore returns to interface 1 to initiate
a new cycle. This reversible stationary state trans-
port system requires a total of eight empirical rate
constants. The net ion flux for this cycle is deter-
mined as products of these rate constants making
it difficult to establish individual rate constants
from experimental flux data. Experiments to mon-
itor the evolution to the stationary state also
involve all the rate constants so that determination
of individual rate constants by this technique is
also difficult.
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Sections of the liquid crystalline array of lipids
that constitute the membrane restrict the dominant
ion motion normal to the membrane surface and
the large electric field produced across the thin
bilayer membrane by an applied potential provides
the force to displace segments of the surrounding
polymers and drive the ion to the opposite inter-
facial site.
A single kinetic step, the motion of the IIC

across the membrane has been monitored using
environment sensitive Eu(III ) emission spectro-
scopyw3,4x. Eu(III ) ion as Eu(III )ylasalocid com-
plex in the membrane can be selectively excited
using a tunable dye laser and monitored. The IIC
motion across the membrane might also be
observed using laser Doppler spectroscopy that has
been used successfully to observe a stream of ions
in a gramicidin channelw5x. The observed veloci-
ties correlate directly with the rate constants for
transport across the membranew6x.

IIC transport differs from transport through ion
channels. The channel is an embedded protein with
a pore whose geometry controls the flow of ions
across the membrane. Structural changes produced
by an ion in the pore are localized. By contrast,
an IIC must displace sections of the long lipid
chains of the membrane and must continue to
displace new(and different) sections of the lipids
as it traverses the membrane. Since the IIC is large
relative to the membrane, the membrane distortion
is significant. However, because the membrane is
thin, an applied electric field is very large and
provides the force to displace the lipid chains and
propel the complex through the membrane. Since
the field is large, the dominant motion of the
complex is directly normal to the membrane sur-
face. The lipid chains themselves also limit lateral
motions, so that, a 1D formulation for IIC transport
is justified.
Although a single decay constant is observed

experimentally, the 1D transport of the IIC is
modeled using a series of microscopic steps along
the IIC trajectory across the membranew2x. The
empirical rate constants for these microscopic steps
are then combined to give a net rate of transport
and a decay constant. Such systems are intrinsi-
cally ill-conditioned—different sets of empirical
rate constants can give the same rate and decay

constant. Such models cannot be used to prove a
mechanism unless these microscopic rate constants
or the local velocitiesw6x can be determined using
other experimental techniques.
The development of theoretical rate constants

directly from the microscopic properties of the
system is difficult because a model must account
not only for the motion of the complex but the
concomitant motions of the long lipid molecules
that surround this moving complex. An ion moving
in a bulk homogeneous medium experiences fric-
tion, since the solvent molecules of the medium
must be displaced by the moving ion. In bulk
media, the frictional force is described by Stokes
law where, the constant frictional force is propor-
tional to both the ion velocity and radius. For the
IIC in the membrane, the microscopic frictional
force can be different at each point along the
trajectory. IIC near the interface, displaces only
the terminal segments of the chains but can be
affected by interfacial phenomena such as lipid
charge. An IIC in the middle of the membrane
displaces not only the segments of lipid chain that
it touches but also the adjoining segments because,
these segments are bound together in the chain.
The Langevin equation can be used to describe

the constant velocity of an ion in homogeneous
solvent where a single constant frictional coeffi-
cient is required. In this work, a multi-state Lan-
gevin equation that gives local velocities in terms
of local frictional coefficients is developed. Tech-
niques for calculating these frictional coefficients
from the structures of IIC and lipid chains are
introduced. The local velocities are related to the
local rate constants along the ion’s spatial trajec-
tory w6x.

The local velocities provide a bridge to the
calculation of macroscopic parameters like the
decay constant and microscopic parameters like
the activation energies for each step along the
reaction trajectory. The multi-state Langevin equa-
tion is developed in a matrix formulation, so that
the coupled displacement between linked segments
of the lipid chains can be included.
The local frictional coefficients are calculated

using a lipid displacement model where the dis-
placements of chain segments closest to the mov-
ing complex also displace concentric rings of lipid
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segments. The cumulative displacement produces
a non-linear force equation. This model produces
an expression for the frictional force that is pro-
portional to both the IIC radius and its velocity
for consistency with the macroscopic Stokes law
for homogeneous systems.

2. Theory

2.1. Local flux and velocity

A velocity based model would define the flux
for membrane-soluble ions in a unit area of
membrane for some segmenti of the trajectory
between interfaces as the product of the local
velocity, v , and local concentration,c ,i i

Jsv ci i i

For current continuity, fluxes in allN segments,
J must be equal. The local velocities in eachi,

segment might differ but the constant flux is
maintained by different concentrations in those
unit area segments.
The length,a, of the trajectory in this section

defines both a rate constant,

aksvi i

and a rate of change for the local concentration,

adcisJidt

dc
sJyasvcyaskc

dt

the more traditional kinetic format.

3. The decay time

If the local velocities along the spatial reaction
coordinate are known, either from observation or
theory, the average decay time(the transition
lifetime) for the full interface–interface transition
is determined as a mean first passage timew7x, the
sum of times for each microscopic transition. This

mean first passage time and its inverse, the mac-
roscopic decay constant, are

1 ai
ts s8k vii

These observable parameters arise naturally as
a summation of individual transition times.

3.1. Activation energy on the spatial trajectory

The local velocities determine the activation
energy profile along the spatial trajectory. The
acceleration between segmenti and segmentiq1
is defined parametrically through the distanceai

between segments

dv v yv a Dviq1 i is s vidt a Dt ai i

The energy change between states is the force
(mass times this acceleration) multiplied by the
distance traveled(a )i

w zv Dvi
DEsFxasm asmv Dvx |i i iay ~i

This equation defines the energy change for
each segment along the spatial trajectory to give
an activation energy profile for the transition.
Equal local velocities(Dvs0) generate a con-

stant energy profile along the trajectory. If the
segment nearest to the membraneyaqueous solu-
tion interface has excessive retarding interactions
to make a large initial velocity differential, the
activation energy profile assumes a trapezoidal
shape where the initial activation barrier domi-
nates. The profile can be more complicated but is
always determined directly from the same central
set of local velocities.

4. The matrix Langevin equation

The continuum Langevin equation assumes a
homogeneous medium where the moving ion expe-
riences the same environment and has the same
frictional coefficient at each point along its trajec-



78 M.E. Starzak / Biophysical Chemistry 106 (2003) 75–80

tory. The ion rapidly attains its limiting hydrody-
namic velocity and electrophoretic mobility. The
frictional coefficient often obeys Stokes law where
the frictional coefficient is proportional to both ion
radius and the coefficient of viscosity for the bulk
medium.
An ion moving through the array of aligned

chain molecules that constitute the membrane must
displace segments of the chain molecules that
surround it along its trajectory. The molecular
structure of each segment can be different to
produce a different frictional resistant to the ion.
The ion is generally large enough so that the ion
displaces the segments for a number of concentric
polymer segments in theith region of the trajec-
tory. In addition, the displacement of polymer
segments in sectioni can cause a concurrent
displacement in segmentsiq1 and iy1 because,
these segments are bonded to segmenti. These
features can all be incorporated into a matrix
Langevin model with a frictional coefficient matrix
that includes all these features. The behavior for
any regioni along the trajectory is then described
by a local frictional coefficientf , a local electrici

field E and the local velocityv in that region.i i

The local velocities and concentrationsc in thei

ith region give the constant flux,

Jsv ci i

for every region along the trajectory to maintain
current continuity along the trajectory.
The set of local velocities and local electric

fields along the trajectory are ordered asN com-
ponent vectors. The matrix of local frictional
coefficients can include off-diagonal elements
reflecting displacements of adjacent chain seg-
ments by the moving ion. Although some fluctu-
ations and lateral movement are possible for the
ion in each region, the dominant force is the large
electric field normal to the surface. Lateral devia-
tions as the complex moves through the ordered
lipid array are ignored.
The time to the hydrodynamic limiting velocity

is short even for motion in the small regions of
membrane and the time-dependent equation

d±vM
syF±vMqze±EM

dt

evolves rapidly to its stationary state limit

ss y1±vM sF ze±EM

In the limit of zero coupling, each region has a
local velocity based only on the corresponding
local electric fields and frictional coefficient

vszeEyfi i

with mean transit time

1 ai
ts a sZi 8N Mv vi i

For systems with displacement coupling, the
local velocities are determined from the inverse
matrixF operating on the vector of local appliedy1

forces.
The local frictional coefficients for regions near

the membraneysolution interfaces can incorporate
the special properties expected for the ion near the
interface.

5. Friction

Polymer segments must be displaced perpendic-
ular to the motion of an ion to produce a local
friction. The frictional force for a homogeneous
solvent is proportional to the ion’s lateral surface
area, the solvent coefficient of viscosityh and the
velocity gradient in the y direction perpendicular
to the motion of the ion

dvyF shAx dy

An ion membrane does not encounter a homo-
geneous surface contact area. Instead, it must
displace membrane segments that surround it. This
special environment requires a new, dimensionally
consistent definition for friction. The new frictional
force is now the product of this momentum and
the lateral(y) velocity gradient produced by ion
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displacement of the polymer segments

F smv dv ydyx x y

The lateral displacement parametery might also
be the displacement of a ring of polymer segments
surrounding the moving ion.
The y velocity gradient reflects the membrane

resistance to displacement by the passing ion. The
local friction is now related to momentum imparted
to the polymer segment rings that surround the
moving ion. The ion can force the nearest segments
against segments in the adjoining concentric ring
of polymer so that the ion displaces an increasingly
larger mass as the lateral displacement by the ion
increases.
The momentummv of the moving ion displacesx

a ring of polymer segments to a maximal distance
equal to the ionic radiusr. For the closely packed
polymers and a large ion, the moving ion can
produce a cumulative displacement where the
innermost ring of polymer segments expands to
contact the next ring of polymer segments, etc.
The total mass displaced increases with the dis-
placement y to produce a non-linear lateral
momentum

kydy

k with units of kgymys measures the accrued mass
as the unit rings are forced laterally outward. The
forward (x) local momentum is transferred to
lateral (y) momentum as the ion passes to give
Dvy

v r

m dv s kydyy| |
0 0

2Dv skr y2my

for a maximal lateral displacement equal to the
ionic radiusr. The y velocity gradient is

dv ydyskry2my

and the total frictional force is

F sv kry2fric x

The result is consistent with Stokes law for
homogeneous media since it predicts a direct
dependence on bothr andv . For this microscopicx

model, the empirical coefficient of viscosityh and
the areaA have been replaced by the parameterk
expressing the polymer mass displaced as the
moving ion forces the units of the ring in the
lateraly direction.

6. Coupling

Because the segments are linked, a displacement
at theith segment can also produce displacements
in the iq1 and iy1 segments. These displace-
ments produce coupled frictional coefficientsf 9iq1

and f 9 that appear above and below the mainiy1

diagonal of the friction matrix. These off diagonal
elements act to reduce the net friction for each
region since the polymer segment is already par-
tially displaced before the ion enters that region.
If the distance between theith unit and its neighbor
is a , the ith ring unit at maximal displacementi

produces a displacementr cos(u) in the (iq1)th
unit where tan(u)sayr. The lateral displacement
of the (iq1) or (iy1)th ring is

2rir9 siq1
2 2yr qai i

and

2k rif9s
2 22m yr qai i

6.1. Discussion

The matrix Langevin formulation for the motion
of large ions between interfacial states in bilayer
membranes focuses on the local velocities found
along the spatial trajectory. For this system, the
local velocities serve as the bridge between the
macroscopic observable events and the molecular
phenomena that dictate these velocities in each
region of the trajectory. The full set of local
velocities generated in this manner does not imply
that the ion is moving in all regions simultaneously.
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It generates the velocities for a single ion for each
region of its trajectory. The fluxJ or the current
density is determined by the local velocity and
concentration in any region along the trajectory.
The flux decays exponentially as local concentra-
tions in each region are depleted. The flux equation
is easily converted into a rate equation so that, the
local rate constants can always be derived from
the local velocities. However, the rate constants
must be considered as derived parameters. The
local velocities are preferable because they can be
related to experimental observables, the local
velocities for the moving ion.
The local velocities lead directly to parameters

for the full ion trajectory. The mean first passage
time, the sum of average times in each region of
the trajectory, is the time constant for the system
and the inverse of the rate constant. A set of local
velocities determined using the model must then
reproduce the experimentally observed decay time
for the transition. The same set of local velocities
give the activation energy profile along the spatial
trajectory using the differential expression derived
here.
Since the local velocities depend on the local

frictional coefficients, any theoretical calculation
of these coefficients bridges the microscopic and
macroscopic views of this system. Knowledge of
the molecular structure of the ion and the structure
of the polymers that surround the ion in a given
region of the trajectory can be used to calculate
the mass displaced and the frictional coefficient.
The generic derivation presented here is sufficient
to illustrate that, the displacement involves con-
centric rings of polymer segments so that the total
mass displaced increases with increasing displace-
ment by the ion. Any modeling for each segment
can now focus on evaluation of the non-linear
force constantk. The non-linear mass displacement
equation that results yields a frictional force direct-
ly proportional to both the forward(x) velocity of
the moving ion and the ion radius. The expression
parallels the Stokes law behavior in a homogene-
ous medium.

The matrix model can incorporate frictional
coupling as the displacement of one segment can
produce displacements in neighboring segments
because, segments are bonded in the long chain
molecule. This coupling produces an overall reduc-
tion in the friction encountered by the ion as it
moves between interfacial states.
The local friction is developed using a new

expression for the frictional force that expresses
this friction in terms of the forward momentum of
the ion and the lateral momentum of displaced
polymer segment mass. The utility of the formu-
lation is reflected in our ability to regenerate
Stokes law dependencies for friction using the
mass displacement model.
The multi-state Langevin equation provides a

framework to derive transport rate constants from
the frictional coefficients generated by the elastic-
ity of the aligned lipid medium that surrounds the
moving IIC. The decay time, activation energy
profile, local velocities and frictional coefficients
can all be generated from a determination of this
single parameter.
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